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Abstract
In superfluid dark matter (SFDM), the phonon field plays a double role: It car-
ries the superfluid’s energy density and it mediates the MOND-like phonon force.
We show that these two roles are in tension with each other on galactic scales: A
MOND-like phonon force is in tension with a superfluid in equilibrium and with a
significant superfluid energy density. To avoid these tensions, we propose a model
where the two roles are split between two different fields. This also allows us to
solve a stability problem in a more elegant way than standard SFDM. We argue
that the standard estimates for the size of a galaxy’s superfluid core need to be re-
visited.
1 Introduction
There is ample evidence for missing non-baryonic mass from observations on both cos-
mological and galactic scales. The simplest explanation for the evidence from cosmo-
logical scales, most notably the Cosmic Microwave Background (CMB), is the existence
of cold dark matter particles (CDM). In contrast, the simplest explanation for the evi-
dence from galactic scales, most notably rotation curves, is in terms of a modified force
law of the form proposed by Modified Newtonian Dynamics (MOND) [1–4]. The aim
of superfluid dark matter (SFDM) as proposed in Ref. [5] is to combine the best of
both worlds in a single model. That is, to reproduce CDM on cosmological scales and
MOND on galactic scales. The idea is to postulate a new type of particle that behaves
differently on different scales. On galactic scales, the new particles condense to a super-
fluid, where a phonon force then exerts an additional MONDian force on baryons. In
contrast, these particles are in the normal, not-condensed phase on cosmological scales,
where they behave like CDM [5, 6]. Superfluid condensates of dark matter on galactic
scales have been considered before [7–16], but the long-range phonon force is specific to
the proposal from Ref. [5].
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Three problems of superfluid dark matter and their solution
In SFDM as proposed in Ref. [5], the so-called phonon field plays a double role
in galaxies: It carries both the MOND-like phonon force and the superfluid’s energy
density. The phonon force is needed to reproduce MONDian rotation curves at small
and intermediate radii, while the superfluid’s energy density is needed to reproduce the
strong lensing signal at larger radii [17]. In the present work, we will show that these two
roles of the phonon field are in tension with each other and how these tensions can be
avoided by assigning each role to a separate field. We will also see that the two standard
estimates for the size of a galaxy’s superfluid core should be revisited because, in general,
they do not agree with each other. In the following, we employ units with c = ~ = 1
and the metric signature (+,−,−,−). Small Greek indices run from 0 to 3 and denote
spacetime dimensions.
In Sec. 2, we introduce the standard model of SFDM from Ref. [5] and discuss three
problems of this model. In Sec. 3, we propose an improved model and show how this
improved model avoids the problems from Sec. 2. Then, we choose explicit numerical
parameters for our model in Sec. 4, which we use to illustrate the model’s phenomenol-
ogy on galactic scales with the Milky Way as an example in Sec. 5. In Sec. 6, we estimate
the size of the Milky Way’s superfluid core using standard methods and argue that these
methods should be revisited. After a short discussion in Sec. 7 we conclude in Sec. 8.
2 Three problems of SFDM
Ref. [5] formulates SFDM in terms of an effective field theory (EFT) for the phonon
field θ. This EFT is valid on galactic scales, but may break down on cosmological or
solar system scales. Concretely, the Lagrangian reads [5]
L = f(Kθ −m2)− λ θ ρb , (1a)
f(Kθ −m2) = 2Λ
3
√
|Kθ −m2|(Kθ −m2) , (1b)
Kθ = ∇αθ∇αθ . (1c)
Here, m is the mass of the particles of which the superfluid consists, Λ is a constant
with mass dimension 1 that is related to the self-interaction of these particles, and λ ≡
α¯Λ/MPl is a dimensionless constant that couples θ to the baryonic energy density ρb. We
can introduce a chemical potential µ by shifting θ˙ → θ˙+µ.1 In the non-relativistic limit,
we have µ = m + µnr with |θ˙|  m and µnr  m, where µnr is the non-relativistic
chemical potential. In the following, it will be useful to use the notation
µˆ(~x) ≡ µnr −mφN(~x) , (2)
where φN is the Newtonian gravitational potential. Note that µnr is a constant, but µˆ
is not due to its dependence on φN. For time-independent equilibrium solutions, we
1We do not shift θ → θ + µ · t for reasons discussed in Ref. [18], see also Sec. 2.3.
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then have Kθ − m2 = 2mµˆ − (~∇θ)2. The acceleration of the baryons due to θ is
~aθ = −λ~∇θ. As discussed in Ref. [5], this acceleration has the standard MOND form
|~aθ| ≈
√
a0|~ab| if (~∇θ)2  2mµˆ. Here, a0 = α¯3Λ2/MPl is the MONDian acceleration
scale and ~ab is the Newtonian gravitational acceleration due to the baryons. In this case,
Kθ −m2 ≈ −(~∇θ)2 < 0. We discuss this MOND limit in more detail in Sec. 2.2.
2.1 The stability problem
One problem with the Lagrangian L from Eq. (1) is that perturbations around the desired
equilibrium solutions in galaxies are unstable. This was already discussed in Ref. [5]. To
see this, consider a perturbation δ on top of an equilibrium background solution θ0 with
Kθ0 −m2 < 0, e.g. a MOND limit solution with 2mµˆ0  (~∇θ0)2. Here, Kθ0 is the
background value of Kθ with a chemical potential µ0 = m+ µ0nr and µˆ0 = µ
0
nr −mφN.
Then, the second-order Lagrangian for the perturbation δ reads
Lpert =
[
f ′0g
αβ + 2f ′′0∇αθ0∇βθ0
]
∇αδ∇βδ , (3)
where
f ′0 = Λ
√
|Kθ0 −m2| > 0 , (4)
f ′′0 = −
Λ
2
1√|Kθ0 −m2| < 0 . (5)
For stability, the prefactor of the δ˙2 term in Lpert should be positive. This prefactor is:
f ′0g
00 + 2
(
g00
)2
f ′′0 µ
2
0 ≈
Λm2√|Kθ0 −m2|
( |Kθ0 −m2|
m2
− 1
)
< 0 . (6)
This term is negative because typically |Kθ0 −m2| ≈ |2mµˆ0 − (~∇θ0)2|  m2 in the
non-relativistic limit on galactic scales [5]. Thus, the desired equilibrium solutions in
galaxies are unstable.
To fix this instability, Ref. [5] introduces finite-temperature corrections parametrized
by a new parameter β¯. In the non-relativistic limit, the Lagrangian then is:
Lβ¯ =
2Λ
3
√
(2m)|X − β¯Y |(2mX) , (7)
where 2mX = 2m(µˆ + θ˙) − (~∇θ)2 is the non-relativistic limit of Kθ −m2 and in the
rest-frame of the fluid we have Y = µˆ+ θ˙. This agrees with the non-relativistic limit of
the original Lagrangian L for β¯ = 0. For β¯ > 3/2, the addition of the β¯Y term under the
square root then cures the instability described above [5]. However, this solution is not
entirely satisfactory since both the functional form of the finite-temperature corrections
and the numerical value of β¯ are chosen ad-hoc. In principle, the finite-temperature
3
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Lagrangian Lβ¯ should follow from the zero-temperature Lagrangian L from Eq. (1), but
so far this has not been established. As a result, it is unclear how β¯ depends on the
superfluid temperature and it is unclear whether or not finite-temperature corrections to
the Lagrangian L from Eq. (1) actually take the form Lβ¯ from Eq. (7). Below, we will see
that our improved model avoids this instability in a more natural way that is connected to
an underlying Lagrangian and works at zero temperature.
In the following, we will use the fiducial numerical parameters from Ref. [6] for stan-
dard SFDM, unless stated otherwise: β¯ = 2, α¯ = 5.7, m = 1 eV, and Λ = 0.05 meV.
2.2 The MOND limit problem
On galactic scales, the field θ plays a double role. The first role is to exert an additional
force on the baryons, ~aθ = −λ~∇θ. This follows from the phonon-baryon coupling
−λθρb in L. In the limit
(~∇θ)2  2mµˆ , (8)
this acceleration has a MOND-like form2 , because it satisfies the MOND-like equation
~∇ (|~aθ|~aθ) = ~∇ (a0~ab) . (9)
This condition is usually assumed to hold on galactic scales so that SFDM reproduces
the MOND phenomenology of rotation curves. However, it turns out that the condition
Eq. (8) is not always satisfied inside galaxies. Concretely, the quantity ε ≡ (2mµˆ)/(~∇θ)2
that controls the MOND limit can be written as
ε ≡ 2mµˆ
(~∇θ)2 =
2m2
α¯
10−6
a0MPl
(
a0
10|~ab|
)(
107
µˆ
m
)
≈ 0.8 ·
(
a0
10|~ab|
)(
107
µˆ
m
)
, (10)
where we assumed a MONDian acceleration |~aθ| =
√
a0|~ab| and we used the fiducial
numerical parameters from Ref. [6]. We introduced a factor 107 in front of µˆ/m because
10−7 is a typical value of µˆ/m on galactic scales. Indeed, a rough estimate is µˆ/m ≈
φN. Similarly, we introduced a factor of 1/10 in front of a0/|~ab| because we expect the
MOND limit to be valid for |~ab|  a0. We see that ε can easily be of order 1 on galactic
scales. When this happens, SFDM does not have a proper MOND limit.
It may be possible to avoid this problem by choosing different values for α¯ and m,
since ε scales as m2/α¯, see Eq. (10). However, a small ratio m2/α¯ is in tension with the
other role that θ plays on galactic scales, namely to carry the superfluid’s energy density.
This role is discussed in more detail in the next section. Here, it suffices to note that the
energy density of the superfluid scales as [6]
ρDM ∝ m
2
α¯
MPl|~aθ| (11)
2If β¯ is not much larger than 1. If β¯ is much larger than 1, the condition becomes (~∇θ)2  2mµˆβ¯. For
the numerical values we consider here, β¯ is of order 1.
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Figure 1: Left: The quantity ε = (2mµˆ)/(~∇θ)2 that controls the idealized MOND limit
of SFDM at z = 0 for the Milky Way model from Ref. [21] with fb = 0.8. Right: The
phonon acceleration ~aθ at z = 0 for the full SFDM model (solid blue line) and for the
idealized MOND limit from Eq. (9) (dashed orange line).
in the MOND limit with small ε. Thus, if we make ε significantly smaller through
m2/α¯ so that θ mediates a MONDian force aθ =
√
a0ab, the superfluid density also
becomes significantly smaller. But the superfluid density cannot be too small because
it is needed to get strong lensing right. This is because we cannot couple the MOND-
like phonon force to photons to satisfy the constraints from gravitational waves with
an electromagnetic counterpart [17, 19, 20]. Thus, one cannot fix the MOND limit by
simply choosing different numerical parameters.
The behavior of ε is illustrated in Fig. 1, left, where we plot the quantity ε ≡
(2mµˆ)/(~∇θ)2 over the cylindrical radius R for the Milky Way at z = 0. This plot is
for the SFDM model of the Milky Way rotation curve from Ref. [21] with the parame-
ters fb = 0.8, µ∞/m = 1.25 · 10−8, and r∞ = 100 kpc. Here, fb controls the amount of
baryonic mass and µ∞ is a boundary condition imposed at r∞ that controls the superfluid
density, see Ref. [21] for details. These parameters give a reasonable fit of the Milky Way
rotation curve. This result is obtained by numerically solving the full SFDM equations,
it does not use the idealized MOND limit from Eq. (9). Fig. 1, left, shows that ε is larger
than 1 for & 20 kpc. Even at R < 20 kpc, ε is only moderately small. This confirms our
expectation from the estimate Eq. (10).
However, there is also a puzzle here. Namely, because of the large value of ε, we
would expect the MONDian equation Eq. (9) to be a bad approximation for the phonon
acceleration ~aθ. In particular, we would expect the SFDM rotation curve to deviate
significantly from the idealized MOND limit represented by Eq. (9). But if we calculate
the Milky Way’s rotation curve using this idealized MOND limit, we find that the rotation
curve is almost the same as for the full SFDM equations for R . 25 kpc. This is
illustrated in Fig. 1, right. This is the puzzle: How can the condition ε  1 be violated
but the rotation curve still be so close to the MONDian rotation curve? The answer is
5
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that a numerical coincidence brings the rotation curve of the full SFDM equations close
to the rotation curve from the idealized MOND limit. For example, this coincidence does
not work out so favorably if we choose β¯ = 2.5 instead of β¯ = 2. This is discussed in
more detail in Appendix A. The details of how this numerical coincidence comes about
are not important for our further discussion.
Note that having a proper MOND limit is not only about the rotation curve of an
isolated galaxy. It is also about the External Field Effect (EFE) [1, 22]. In SFDM, it is
usually assumed that there is a standard MONDian EFE inside the superfluid core of a
galaxy [6]. However, this is true only if ε  1, because then the θ equation of motion
has the standard MONDian form. If ε is not small, there is no standard MONDian
EFE in the superfluid core – even if the rotation curve is MONDian due to the numerical
coincidence discussed in Appendix A. This is important for satellite galaxies and globular
clusters of the Milky Way which are expected to be affected by this EFE in SFDM [6].
Below, we will see that our improved model allows for a proper MOND limit much
more generally and without relying on numerical coincidences.
2.3 The equilibrium problem
As already mentioned in the previous section, the second role that θ plays on galactic
scales is that it carries the superfluid’s energy density. That is, it represents the superfluid
in equilibrium with chemical potential µ. This energy density ρDM provides an additional
term to the total energy density that sources the Newtonian gravitational potential φN [6],
ρDM =
2
√
2
3
m5/2Λ
3(β¯ − 1)µˆ+ (3− β¯) (~∇θ)22m√
(β¯ − 1)µˆ+ (~∇θ)22m
. (12)
The additional Newtonian gravitational pull due to this energy density is negligible in the
inner parts of galaxies. There, the MOND-like phonon force dominates. But at large
radii, the additional gravitational pull from ρDM becomes important and is responsible
for the strong lensing signal of galaxies.
That θ plays this double role leads to a potential problem with the superfluid’s equi-
librium: On the one hand, a perfect equilibrium with a chemical potential µ requires an
associated conserved quantity. Here, this is the conserved quantity associated with a shift
symmetry of θ. On the other hand, that θ exerts a MOND-like force on the baryons im-
plies that the θ shift symmetry is broken. Indeed, the coupling −λθρb explicitly breaks
this symmetry. This may not be a problem if λ is small enough so that there is at least
an approximate equilibrium valid for times much longer than the timescales of interest.
Ref. [18] estimates that such an approximate equilibrium could be valid on timescales
much smaller than tQ,
t−1Q ≈ λm
Mb
MDM
, (13)
6
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where Mb is the total baryonic mass and MDM is the total superfluid mass. With the
fiducial parameter values from Ref. [6] (λ ≈ 10−31 and m = 1 eV), this gives tQ ≈
108 yr (MDM/Mb). A typical dynamical timescale of galaxies is 108 yr. Thus, the
timescale tQ is not necessarily much larger than the dynamical timescale of a galaxy
so that assuming an equilibrium with chemical potential µ may not be valid on galactic
scales. Indeed, the global estimate Eq. (13) concerns a galaxy as a whole and may be
too optimistic. Ref. [18] also estimates a local timescale tloc separately for each point in
space and finds that the approximate equilibrium may be valid only on timescales much
shorter than t−1loc = λm (ρb/ρDM). In the inner parts of galaxies, tloc is typically much
shorter than 108 yr since ρDM  ρb, which makes the equilibrium problem more press-
ing. In principle, tloc and tQ can be made large by making λm/ρDM small. However, in
the MOND limit, we have λm/ρDM ∝M−1Pl (a0/ab)1/4ρ−1/2DM . Thus, at fixed a0 (to keep
the phonon force fixed) and at fixed ρDM (to keep the energy density fixed), there is no
freedom to adjust λm/ρDM. Below, we will see that our improved model has a perfect
equilibrium that is valid on timescales much larger than tQ or tloc.
3 An improved SFDM model
Above, we have seen that the equilibrium problem and the MOND limit problem are
consequences of the double role that the phonon field θ plays in standard SFDM: θ
carries both the additional MOND-like force and the superfluid’s energy density. This
leads to the main idea behind our improved model, which is to disentangle the two roles
that θ plays in standard SFDM by assigning each role to a separate field. For brevity, we
will refer to this model as two-field SFDM.
3.1 The model
We start with the EFT from Eq. (1),
L = f(Kθ −m2)− λ θ ρb . (14)
We will modify this Lagrangian to avoid the problems discussed in the previous section.
First, we introduce two fields θ+ and θ−. The role of θ− will be to carry the super-
fluid’s equilibrium chemical potential and the role of θ+ will be to carry the additional
MONDian force. Then, we postulate the Lagrangian
Limp = f(K+ +K− −m2)− λ θ+ ρb , (15)
where K± are defined analogously to Kθ,
K+ = ∇αθ+∇αθ+ , (16a)
K− = ∇αθ−∇αθ− . (16b)
7
Three problems of superfluid dark matter and their solution
Here, we couple only θ+ to the baryon density, not θ−. Thus, this Lagrangian is shift-
symmetric in θ−. In equilibrium, we can then introduce a chemical potential µ corre-
sponding to this symmetry,
θ˙− → θ˙− + µ . (17)
Since the θ− shift symmetry is exact, the associated conserved quantity is conserved
exactly, not just approximately on timescales much shorter than tQ as in standard SFDM.
That is, the equilibrium problem from Sec. 2.3 is absent in this model. The equilibrium
is not limited to timescales shorter than tQ.
Consider now a non-relativistic equilibrium with chemical potential µ = m + µnr
with |µnr|  m. Then, the θ− equation of motion is solved by setting θ− = 0 (that is,
θ− = 0 after the shift θ˙− → θ˙− + µ). In this case, the equation of motion for a time-
independent θ+ is exactly the same as the equation of motion for a time-independent θ
from standard SFDM with the same chemical potential,
~∇
[
2f ′
(
(~∇θ+)2 − 2mµˆ
)
~∇θ+
]
= λ ρb , (18)
where, as in standard SFDM, µˆ = µnr −mφN. The energy density derived from Limp
in this limit also matches that derived from standard SFDM. Thus, the Lagrangian Limp
reproduces the basic phenomenology of standard SFDM on galactic scales but avoids
the equilibrium problem.
However, so far Limp does not address the stability problem (see Sec. 2.1) and the
MOND limit problem (see Sec. 2.2). We will now see that both problems can be solved
by one more modification of Limp. Consider first the stability problem. The second-order
Lagrangian for perturbations δ± of θ± around background fields θ0± reads
Limp,pert =
[
f ′0 g
αβ + 2f ′′0 ∇αθ0+∇βθ0+
]
∇αδ+∇βδ++[
f ′0 g
αβ + 2f ′′0 ∇αθ0−∇βθ0−
]
∇αδ−∇βδ−+[
4f ′′0 ∇αθ0+∇βθ0−
]
∇αδ+∇βδ− .
(19)
For equilibrium solutions on galactic scales with K0+ +K
0− −m2 < 0,
f ′0 = Λ
√
|K0+ +K0− −m2| > 0 , (20a)
f ′′0 = −
Λ
2
1√
|K0+ +K0− −m2|
< 0 . (20b)
Here, K0± means K± evaluated at the background solution θ0±. The first two lines in
Eq. (19) are two copies of the perturbed Lagrangian Lpert from standard SFDM from
Eq. (3). The third line comes from the mixing of θ+ and θ− in f(K+ +K− −m2).
8
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Consider now non-relativistic equilibrium solutions with chemical potential µ0, i.e.
consider θ˙0− = µ0 with |g00µ20 −m2|  m2 and time-independent θ0+. In this limit, f ′0
and f ′′0 in Eq. (20) are the same as f ′0 and f ′′0 in Eq. (4) in the analogous limit. This is
why we reuse the same symbols here. Specifically,
f ′0 = Λ
√
|(~∇θ0+)2 − 2mµˆ0| , (21a)
f ′′0 = −
Λ
2
1√
|(~∇θ0+)2 − 2mµˆ0|
. (21b)
Such solutions are stable if the HamiltonianHimp,pert associated withLimp,pert is bounded
from below for such background solutions. We now show that this is not the case, since
Limp inherits the instability problem of standard SFDM. Then, we investigate how to fix
this problem.
In the limit under consideration, the third line in Limp,pert reads:
−4f ′′0 ~∇θ0+ µ0 ~∇δ+ δ˙− . (22)
This is first order in time derivatives of the perturbations and does therefore not contribute
to the Hamiltonian. The first two lines then give the Hamiltonian
Himp,pert =
(
f ′0g
00 + 2(g00)2f ′′0 (θ˙
0
+)
2
)
δ˙2+ +
(
f ′0(~∇δ+)2 − 2f ′′0 (~∇θ0+~∇δ+)2
)
+(
f ′0g
00 + 2(g00)2f ′′0 (θ˙
0
−)
2
)
δ˙2− +
(
f ′0(~∇δ−)2 − 2f ′′0 (~∇θ0−~∇δ−)2
)
.
(23)
Since f ′0 > 0 and f ′′0 < 0, the only terms that can be negative in this Hamiltonian are
the prefactors of δ˙2− and δ˙2+. Further, we have θ˙0+ = 0 and θ˙0− = µ0 for the equilibrium
solutions under consideration. This leaves only the prefactor of δ˙2−. This prefactor is
g00f ′0+2(g00)2f ′′0 µ20. This is exactly the same as the prefactor of δ˙2 that is responsible for
the instability in standard SFDM discussed in Sec. 2.1. Thus, our improved Lagrangian
suffers from a very similar instability. However, it is now much easier to fix this problem.
Indeed, consider an additional term proportional to K− in the Lagrangian:
∆Limp = AK− , (24)
where A > 0 does not depend on θ+ and derivatives, but is otherwise allowed to depend
on other fields. This term does not affect the background solutions for θ− and θ+ (for
a given φN, see below). The reason is that it does not affect the θ+ equation of motion
by construction and it adds a term ∇α(A∇αθ−) to the θ− equation of motion, which
vanishes for θ˙− = µ and time-independent A, as we assume in equilibrium. However, it
does affect the stability of perturbations. Namely,Himp,pert gains two additional terms,
∆Himp,pert = Aδ˙2− +A(~∇δ−)2 . (25)
9
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This makes the solutions under consideration stable if
A > − (f ′0g00 + 2(g00)2f ′′0 µ20) . (26)
Thus, such a term can fix the stability problem while keeping the background solutions
for θ+ and θ− the same. Note that a term AKθ in standard SFDM could similarly fix the
stability problem there. However, this would significantly change the MONDian force in
standard SFDM. The reason is that AKθ contains spatial derivatives of the field θ which
carries this force. In contrast, the AK− term in our two-field model does not affect the
force carried by θ+.
This leaves us with the MOND limit problem. That is, in standard SFDM, the
condition (~∇θ)2  2mµˆ is not always fulfilled in galaxies so that the force carried
by θ is not always MONDian. So far, the analogous condition (~∇θ+)2  2mµˆ in
our two-field model has the exact same problem. As discussed in Sec. 2.2, this could
be fixed by making the ratio m2/α¯ smaller. But then the superfluid’s energy density
in galaxies becomes smaller by roughly the same factor. This is problematic since the
superfluid’s energy density is important to get enough strong lensing. However, in our
two-field model, another way to fix this problem is through the AK− term. Namely, this
term adds an additional term of order Am2 to the superfluid’s energy density. Then, we
may hope to fix the MOND limit problem, if we make the ratio m2/α¯ smaller to satisfy
(~∇θ+)2  2mµˆ, but keep the energy density roughly the same through the Am2 term.
To make this concrete, we consider one possible origin of the AK− term. We take
θ− to be the phase of a complex scalar field φ− = ρ−e−iθ−/
√
2 and add to Limp the
standard Lagrangian for a superfluid with a quartic interaction [23, 24]:
L− = (∇αφ−)∗(∇αφ−)−m2|φ−|2 − λ4|φ−|4
=
1
2
(
Kρ− + ρ
2
−(K− −m2)
)− λ4
4
ρ4− .
(27)
Here, m is the mass, λ4 is the quartic coupling constant, and
Kρ− = ∇αρ−∇αρ− , (28a)
K− = ∇αθ−∇αθ− . (28b)
If we introduce a chemical potential µ by shifting θ˙− → θ˙− + µ and neglect derivatives
of ρ−, the equation of motion for ρ− has the solution
ρ2− =
g00µ2 −m2
λ4
, (29)
if g00µ2 > m2. This is the usual superfluid solution. In the non-relativistic limit with
µ = m+ µnr with |µnr|  m and g00 = 1− 2φN, this is
ρ2− =
2m(µnr −mφN)
λ4
=
2mµˆ
λ4
, (30)
10
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and the dominant contribution to the energy density is
ρDM− = m2ρ2− =
2m3µˆ
λ4
. (31)
In this model, we have
A =
ρ2−
2
. (32)
For the standard equilibrium superfluid, this isA = mµˆ/λ4. The total dark matter density
then has two terms. One term from the previous Limp and the new term of order Am2,
ρDM = ρDM− + ρDM+ , (33a)
ρDM− =
2m3µˆ
λ4
, (33b)
ρDM+ = 2m
2Λ
√
(~∇θ)2 − 2mµˆ . (33c)
If we make m2/α¯ small to fix the MOND limit problem, ρDM+ becomes small. How-
ever, ρDM− can take over the role of ρDM+, since it scales differently. Concretely, we
can estimate µˆ ≈ mφN. Then, we see that we need to keep m4/λ4 large enough to pro-
duce enough strong lensing while making m2/α¯ small enough to fix the MOND limit
problem. The stability criterion Eq. (26) now reads:
mµˆ
λ4
>
Λm2√|K+ +K− −m2|
(
1− |K+ +K− −m
2|
m2
)
≈ Λm
2√
|(~∇θ+)2 − 2mµˆ|
. (34)
If we make m2/α¯ small enough such that (~∇θ+)2  2mµˆ, this further simplifies to
|~a+| > a0 λ4
α¯2
m
µˆ
≡ a+min , (35)
where ~a+ = −λ~∇θ+ is the acceleration of the baryons due to θ+. This implies a mini-
mum acceleration a+min due to θ+ below which the equilibrium solutions under consid-
eration become unstable. In the MOND limit with |~a+| =
√
a0|~ab|, this is
ab
(
107
µˆ
m
)2
> a0
(
107
λ4
α¯2
)2
≡ a¯ . (36)
Here, the factor of 107 because 10−7 is a typical value of µˆ/m on galactic scales. Thus,
stability typically requires ab > a¯, but the precise condition depends on µˆ/m and is
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therefore different in different galaxies and at different radii. For a MONDian phe-
nomenology, we want to keep the equilibrium solutions valid for baryonic accelerations
well below a0. Thus, we need a very small ratio λ4/α¯2.3
To summarize, our two-field SFDM model is
Limp = L− + f(K+ +K− −m2)− λ θ+ ρb
=
1
2
(
Kρ− + ρ
2
−(K− −m2)
)− λ4
4
ρ4− + f(K+ +K− −m2)− λ θ+ ρb .
(37)
where θ+ carries the additional MOND-like force and φ− = e−iθ−ρ−/
√
2 carries the
superfluid’s energy density. It has four free parameters m, α¯, Λ, and λ4. This is the
same number of free parameters as in standard SFDM, where the free parameters are
m, α¯, Λ, and β¯.4 We have shown how our model can avoid the instability problem (see
Sec. 2.1), the MOND limit problem (see Sec. 2.2), and the equilibrium problem (see
Sec. 2.3). Numerically, we need λ4/α¯2  10−7 to avoid the stability problem. To avoid
the MOND limit problem, we need m2/α¯ much smaller than in standard SFDM and
m4/λ4 large enough to give enough lensing. In Secs. 4 and 5, we will choose concrete
numerical values and demonstrate some galactic phenomenology of the model.
As in the standard SFDM EFT, we have so far taken the form of the function f as
given. Ref. [5] discusses a possible origin of f from an underlying Lagrangian that is
valid also at K −m2 = 0, where the EFT is ill-defined. In Appendix B, we show that it
is straightforward to extend this mechanism to two-field SFDM.
3.2 Sound speed
Low-energy perturbations on top of non-relativistic equilibrium superfluids usually have
a single low-energy mode with sound speed c2s = O(µˆ/m)  1. In our model, there
are two low-energy modes. Roughly, these correspond to the two fields θ+ and θ−. If
we neglect the mixing between θ+ and θ− from the f(K+ + K− − m2) term in our
Lagrangian, we find that a mix of θ− and ρ− gives a gapless mode with the usual phonon
dispersion relation of a superfluid with quartic interactions, i.e. a sound speed
c2s− =
µˆ
m
. (38)
In contrast, the θ+ perturbations are superluminal,
c2s+ = 1 + γ
2 , (39)
3 To stay away fromK++K−−m2 = 0, where the SFDM EFT is ill-defined, we need (~∇θ+)2 > 2mµˆ.
This gives another minimum acceleration. However, in the MOND limit, we have (~∇θ+)2  2mµˆ.
Therefore, we will assume that the minimum acceleration from stability concerns discussed above is more
important on galactic scales. A third type of minimum acceleration is discussed in Appendix B.
4In principle, β¯ is not a free parameter since the finite-temperature corrections it parametrizes should
follow from the zero-temperature Lagrangian from Eq. 1. However, for practical purposes, it is a free
parameter, as discussed in Sec. 2.1.
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where γ is the cosine of the angle between the wave vector of the perturbation and the
background ~∇θ+. This is the usual result for RAQUAL-type Lagrangians in the deep-
MOND limit [4, 25]. In Appendix C, we show that corrections to Eqs. (38) and (39)
from mixing of θ+ and θ− are typically small on galactic scales.
This superluminality does not necessarily imply problems with causality, as dis-
cussed in Refs. [25–27].5 Still, we can make cs+ subluminal by replacing f(K+ +
K− −m2) in our Lagrangian with
f
(
K+ +K− −m2 + C(∇αθ+∇αθ−)2
)
, (40)
with a suitable constant C. This change does not affect the equilibrium equations of
motion since all additional terms are proportional to ∇αθ+∇αθ− which vanishes in
equilibrium. However, perturbations around equilibrium are affected. If we choose
Cm2 = O(1) with Cm2 ≥ 1, it is straightforward to show that cs+ becomes sublu-
minal, c2s+ = (1 + γ
2)/(1 + Cµ2). Other effects on our stability analysis and sound
speed calculation are negligible. Below, we leave out such a term for simplicity.
Since θ+ couples directly to the baryonic density ρb and since θ− mixes with θ+,
both modes are relevant to Cherenkov radiation and binary pulsar constraints. However,
the standard SFDM picture from galactic scales is not directly applicable in these cases.
The reason is that these constraints come from environments with accelerations much
larger than a0, where standard SFDM phenomenology anyway cannot be valid. Indeed,
naively extending the galaxy-scale phenomenology of SFDM to the solar system gives
additional accelerations ~a+ that are much too large [5]. One way to satisfy the solar
system constraints could be to introduce higher-derivative terms like in Ref. [34]. Then,
one could test Cherenkov radiation and binary pulsar constraints for the specific result-
ing model. More generally, it makes sense to consider these constraints only after we
understand the high-acceleration regime of SFDM. Studying this is left for future work.
3.3 Halo profile in the absence of baryons
In our model, Poisson’s equation for the Newtonian gravitational potential φN on galactic
scales is
∆φN = 4piG (ρb + ρDM−) , (41)
where we have assumed that ρDM−  ρDM+ as discussed in Sec. 3.1. This can be
rewritten in terms of µˆ = µnr −mφN,
∆
(
− µˆ
m
)
= 4piGρb +
m4
λ4M2Pl
(
µˆ
m
)
, (42)
5 It could, however, indicate the lack of a conventional Wilsonian UV completion [28, 29]. In this case,
a non-Wilsonian UV completion like classicalization may be possible [30–33].
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where we used the expression for ρDM− from Eq. (33) and 8piG = M−2Pl . We now define
r20 = λ4
M2Pl
m4
. (43)
Then, outside the baryonic energy density, the Poisson equation has solutions
µˆ/m ∝ cos(r/r0 + δ0)/r , (44)
with constant δ0. Thus, the dark matter profile away from the baryons is ρDM− ∝ µˆ ∝
cos(r/r0 + δ0)/r with a characteristic length scale r0. This specific halo profile is a
consequence of our choice of a |φ−|4 interaction term which leads to ρDM− ∝ µˆ/m.
In contrast, a |φ−|6 interaction leads to ρDM− ∝
√
µˆ/m which is closer to the energy
density in standard SFDM [5]. The energy densities can be of the same order of magni-
tude for both types of interaction, but the shapes are different6, see Sec. 5 and Ref. [24]
for explicit examples. We chose the more standard quartic interaction for simplicity, but
other choices are certainly possible.
Eq. (44) holds in a zero-temperature equilibrium. Ref. [24] shows that assuming
zero temperature is a good approximation at small and intermediate radii, but not at
larger radii where the zero-temperature µˆ/m reaches zero. Thus, for a realistic galaxy
in equilibrium, Eq. (44) will be modified by the presence of baryons at small radii and
by finite-temperature effects at large radii. For the numerical parameter values we con-
sider below (see Sec. 4), these finite-temperature effects will not be important on galactic
scales.7 Therefore, we include the effects of baryons, but no finite-temperature effects in
our explicit calculations below.
4 Choosing parameters
As mentioned in Sec. 3.1, our model has four free parameters: α¯, Λ, m, and λ4. We
will now express these in terms of four other parameters that are more directly related to
phenomenology.
Our first parameter is the MONDian acceleration scale a0,
a0 =
α¯3Λ2
MPl
, (45)
that has the same form as in standard SFDM (see Sec. 2). Our second parameter is
the characteristic length scale r0 =
√
λ4MPl/m
2 in the superfluid energy density on
6 For a given solution ρDM(r), another solution is ξρDM(r) for a |φ−|4 interaction and without baryons.
But for |φ−|6 it is ξρDM(r/√ξ). That is, multiplying the central density by ξ also multiplies the density in
the |φ−|4 case, but multiplies and stretches it in the |φ−|6 case.
7 Finite-temperature effects become important once n(r) ≡ ρDM−(r)/m falls below the critical value
nc ∝ m3(MDM/r0)3/2, where MDM is the superfluid core’s mass [24]. In Sec. 4, we choose parameters
such that ρDM− is similar as in Ref. [24], while m is much smaller. Thus, n(r) is much larger and nc is
much smaller in our case so that finite-temperature effects are small on galactic scales.
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galactic scales (see Sec. 3.3). Our third parameter is the minimum acceleration scale
a¯ = a0(10
7λ4/α¯
2)2 (see Sec. 3.1).
As our fourth parameter, we choose the non-relativistic 2→ 2 self-interaction cross-
section of φ− particles due to the λ4|φ−|4 interaction [35, 36]:
σ
m
=
4pi
2!
1
m
(4λ4)
2
64pi2(2m)2
=
1
8pi
λ24
m3
. (46)
In Ref. [5], the self-interaction cross-section is used to estimate the size of the superfluid
cores of galaxies (see also Sec. 6 below). Its value was chosen such that constraints from
cluster mergers are satisfied [5, 6]. Below, we choose σ/m from Eq. (46) to have the same
value as in Ref. [6]. However, one should be careful with this procedure. One reason is
that, as discussed in Ref. [5], standard cluster merger constraints may need to be carefully
revisited for superfluids. Another reason is that we calculated σ/m only from the λ4|φ−|4
term in our Lagrangian Limp. Using this cross-section to satisfy constraints on the total
self-interaction rate implicitly assumes that terms from the f(K+ +K−−m2) part of the
Lagrangian are negligible. Estimating the effects of this term is not straightforward due to
its non-standard form. Indeed, in Ref. [5], the value of the self-interaction cross-section
is simply assumed and not calculated from an underlying Lagrangian. Investigating this
in more detail is left for future work.
To sum up, we will specify our model through the MOND acceleration scale a0, the
dark matter density characteristic length scale r0, the minimum acceleration a¯, and the
self-interaction cross-section σ/m. The parameters α¯, Λ, m, and λ4 can be expressed
through these quantities:
α¯ = 103 cα¯
(a0
a¯
)1/4(M3Pl(σ/m)2
r30
)1/5
, m = cm
(
M4Pl(σ/m)
r40
)1/5
,
Λ = 10−5cΛ
(
a0a¯
3
)1/8( r90
M4Pl(σ/m)
6
)1/10
, λ4 = cλ4
(
M3Pl(σ/m)
2
r30
)2/5
,
(47)
where
cα¯ = 2 · 27/10
√
5pi2/5 ≈ 11.48 , cm = 23/5 pi1/5 ≈ 1.91 ,
cΛ =
(
4 · 21/20 · 51/4 pi3/5
)−1 ≈ 0.08 , cλ4 = 4 · 22/5pi4/5 ≈ 13.19 . (48)
In the following, we use numerical values that give a phenomenology on galactic
scales that is close to that of standard SFDM with the fiducial parameters from Ref. [6].
This is useful for illustrating similarities and differences between standard SFDM and
two-field SFDM, but different choices with different phenomenology are certainly pos-
sible. Concretely, we choose:
a0 = 0.87 · 10−10 m
s2
,
σ
m
= 0.01
cm2
g
,
r0 = 50 kpc , a¯ = 10
−12 m
s2
.
(49)
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In terms of α¯, Λ, m, and λ4, this gives:
α¯ = 1.3 · 10−6 , m = 6.4µeV ,
Λ = 0.5 MeV , λ4 = 1.7 · 10−20 .
(50)
In particular, a0 and σ/m are chosen to match the fiducial parameters from Ref. [6].
The characteristic length scale r0 of ρDM− is chosen to be on the order of the superfluid
core sizes discussed in Ref. [6]. The minimum acceleration scale a¯, below which the
MONDian EFT breaks down, is chosen to be around the value where dwarf spheroidals
start to deviate from MONDian behavior in Ref. [37]. Thus, dwarf spheroidals may
show non-MONDian behavior in our model. This possibility was already mentioned
in Ref. [5] in relation to a different minimum acceleration scale that we discuss in Ap-
pendix B. Of course, the existence of a minimum acceleration scale does not directly
predict how dwarf spheroidals behave in SFDM. It merely gives an idea why those may
not follow standard MONDian behavior. Investigating this in more detail is beyond the
scope of the present work.
5 An explicit numerical example: The Milky Way
We now consider an explicit numerical example for our two-field SFDM model. We
build on the Milky Way model from Ref. [21] in standard SFDM that we already used
in Sec. 2.2. For non-relativistic equilibrium solutions in galaxies, we can reuse the code
from Ref. [21] with some modifications. Namely, the θ+ equation of motion in two-field
SFDM is the same as the θ equation in standard SFDM if we set β¯ = 0. Also, the
Poisson equation for φN has the same form as in standard SFDM, but we need to replace
the dark matter energy density ρDM from Eq. (12) with the energy density ρDM− from
Eq. (33). The energy density ρDM+ is negligible for our choice of parameters, as we
will see below. There is also a technical modification we need to make: In Ref. [21], we
rewrote the equation for µˆ in terms of µˆtmp ≡ µˆ + ∆µˆ with constant ∆µˆ to avoid nu-
merical issues with Mathematica. In our model, we do not include the finite-temperature
corrections associated with β¯. As a result, µˆ enters the θ+ equation with opposite sign
compared to how it enters the θ equation in standard SFDM and we need to switch the
sign of ∆µˆ to avoid the same numerical issue in Mathematica.
As boundary condition for µˆ/m, we impose µ∞/m = 1.25 · 10−7 at r∞ = 100 kpc.
For standard SFDM, we use the same values as in Sec. 2.2, namely µ∞/m = 1.25 ·10−8
and r∞ = 100 kpc. For this choice, the dark matter densities of standard SFDM and
two-field SFDM are comparable in magnitude, as we will see below.
In Fig. 2, left, we compare the Milky Milky Way rotation curves of two-field SFDM
and standard SFDM. Both are very close to each other for R < 25 kpc. Also, both
have phonon accelerations close to the idealized MOND limit as is shown in Fig. 1,
right, for standard SFDM and in Fig. 3, right, for two-field SFDM. For standard SFDM,
this is the result of a numerical coincidence (see Sec. 2.2 and Appendix A). Indeed,
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Figure 2: Left: Milky Way rotation curve of two-field SFDM (solid blue line) and
standard SFDM (dashed orange line) for the Milky Way model from Ref. [21] with
fb = 0.8. Also shown is the rotation curve data from Ref. [38, 39] in black, both adjusted
to match the assumptions of Ref. [40]. Right: The quantity a+min/|~a+| at z = 0 that
needs to be smaller than 1 for a stable equilibrium solution.
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Figure 3: Left: The quantity ε = (2mµˆ)/(~∇θ)2 that controls the idealized MOND limit
of two-field SFDM at z = 0 for the Milky Way model from Ref. [21] with fb = 0.8.
Note the different scale of the vertical axis compared to Fig. 1, left. Right: The phonon
acceleration ~a+ at z = 0 for full two-field SFDM (solid blue line) and for the idealized
MOND limit from Eq. (9) (dashed orange line).
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Figure 4: Left: The superfluid density of two-field SFDM (ρDM−, solid blue line) and of
the standard SFDM model (ρDM, dashed dotted line) at z = 0 for the Milky Way model
from Ref. [21] with fb = 0.8. Right: The ratio ρDM+/ρDM− of the two contributions to
the superfluid’s energy density of two-field SFDM at z = 0.
the quantity (2mµˆ)/(~∇θ)2 that needs to be small in the idealized MOND limit is not
small throughout the Milky Way, as shown in Fig. 1, left. In contrast, the analogous
quantity in two-field SFDM, (2mµˆ)/(~∇θ+)2, is small throughout the Milky Way, as
shown in Fig. 3, left. Thus, two-field SFDM does have a proper MOND limit, i.e. it has
a MONDian phonon acceleration as well as a MONDian EFE (see Sec. 2.2).
In Sec. 3.1, we saw that the equilibrium solutions on galactic scales are stable only
if the acceleration ~a+ due to θ+ is larger than a+min = a0(λ4/α¯2)(m/µˆ). Fig. 2, right,
shows that this condition is fulfilled in the inner parts of the Milky Way. This is expected
as the Newtonian baryonic acceleration ab is around a0 ≈ 10−10 m/s2 there and, by
construction, the stability condition should fail only at ab . a¯ = 10−12 m/s2 (see Sec. 4).
In Fig. 4, right, we see that ρDM+ is negligible compared to ρDM−. This is related
to our model having a proper MOND limit, as discussed in Sec. 3.1. A proper MOND
limit requires small m2/α¯ which in turn makes ρDM+ small. Indeed, m2/α¯ is much
smaller in our case than in standard SFDM. Concretely, m2/α¯ ≈ 10−5 eV2 in our case
and m2/α¯ ≈ 10−1 eV2 in standard SFDM with the fiducial parameters from Ref. [6].
In Fig. 4, left, we compare the dark matter density of two-field SFDM and standard
SFDM. Both are comparable in magnitude, but standard SFDM gives a more cored
profile. As already mentioned in Sec. 3.3, this is a consequence of our choice of the |φ−|4
interaction term, which gives ρDM ∝ µˆ/m. Other choices are certainly possible, e.g. a
|φ−|6 interaction gives ρDM− ∝
√
µˆ/m which is closer to the energy density in standard
SFDM [5]. The difference between different density profiles is not important for the
Milky Way rotation curve at R < 25 kpc, since the gravitational pull due to this energy
density is subdominant there [21]. For observables at larger radii, like strong lensing,
this difference may be more important. At these radii, the superfluid’s gravitational pull
is dominant and the energy density of our model may be very different from standard
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SFDM due to its different shape – even if both are comparable at smaller radii. If needed,
we can adjust the boundary condition µ∞ of µˆ, or try a different interaction term like the
|φ−|6 term mentioned above.
6 Size of the superfluid core
A central idea in SFDM is that the superfluid at the center of a galaxy breaks down at
larger radii. Beyond the superfluid core, the dark matter profile is assumed to be that of
a standard NFW halo [6]. Ref. [6] gives two different ways to estimate the size of the
superfluid core for spherically symmetric systems – the “NFW radius” and the “thermal
radius”. In Ref. [21], this was extended to axisymmetric systems. In this section, we
aim to extend these estimates to our two-field SFDM model. We find that this seems
to work reasonably well for the NFW radius. However, considering also the thermal
radius raises questions about the interpretation of the NFW and thermal radii and, more
generally, about how to correctly estimate the superfluid core’s size.
6.1 The NFW radius
The NFW radius RNFW is defined as the radius where the density and pressure of the
superfluid equal the density and pressure of a standard NFW halo [6]. In axisymmetric
systems, there are in principle different NFW radii in R direction and in z direction.
However, those different radii are typically very close so that the difference does not
matter for practical purposes [21].
We can straightforwardly adapt this estimate for the superfluid core’s size to two-field
SFDM. For the superfluid density we can use ρDM− = (2m3µˆ)/λ4 = 2(MPl/r0)2(µˆ/m)
and for the superfluid pressure we can use PDM− = (mµˆ)2/λ4 = (MPl/r0)2(µˆ/m)2
(see e.g. Ref. [24]). The formulas for the pressure and density of the NFW halo can be
taken directly from Ref. [6]. Then, we can use the same procedure as in Refs. [6, 21]. As
a concrete example, consider the Milky Way model from Sec. 5. We find for the NFW
radius in R direction:
RNFW = 73 kpc . (51)
With this, the total dark matter mass inside the virial radius is M200DM = 1.3 · 1012M.
These values are similar to those obtained in standard SFDM with the boundary con-
ditions used in Sec. 2.2, namely RNFW = 66 kpc and 1.2 · 1012M [21]. We expect
these values to depend strongly on the choice of the boundary condition µ∞/m. This is
in contrast to observables at smaller radii, like the rotation curve at R < 25 kpc, which
depend only very weakly on µ∞/m. This was demonstrated in Ref. [21] for standard
SFDM and we expect the same to be true for two-field SFDM.
Here, we assumed that the term f(K+ + K− −m2) from our Lagrangian does not
contribute to the energy density and pressure. For the energy density, we saw in Sec. 5
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that this is justified. However, there is a significant contribution to the radial pressure
from this term. Concretely, in the MOND limit ε  1, spatial gradients of θ+ give the
radial pressure,
4
3
Λ|~∇θ+|3 = 4
3
M2Pla
3
+
a0
. (52)
It is not quite clear whether or not this pressure should be included when matching the
superfluid pressure to the NFW pressure. On the one hand, our superfluid corresponds to
the φ− field, not θ+, so maybe we should not include this pressure due to θ+. On the other
hand, θ− and θ+ mix in the f(K++K−−m2) term, so this distinction is not sharp. More
generally, we may anyway need more matching conditions than standard SFDM since
we have more fields. However, numerically, including the pressure term from Eq. (52)
does not significantly change the NFW radius and the total dark matter mass. The NFW
radius becomes 78 kpc and the total dark matter mass becomes 1.4 · 1012M. Thus, this
point does not make a big difference for the basic phenomenology.
6.2 The thermal radius
The second estimate of the superfluid core’s size from Ref. [6] is the thermal radius RT .
This radius is defined as the radius where the local self-interaction rate Γ drops below
the inverse dynamical time t−1dyn. The idea is that, to sustain equilibrium, the timescale of
the local self-interaction rate needs to be larger than the timescale of the perturbations,
which is assumed to be tdyn. Here, Γ = (σ/m)N v ρ, where σ is the self-interaction
cross-section, N = (ρ/m)(2pi/mv)3 is the Bose enhancement factor, v is the average
velocity of the particles, and ρ is the dark matter density.
In spherically symmetric systems, Ref. [6] takes tdyn = r/v with the spherical radius
r. This gives
(2pi)3
(σ/m)
m4
ρ2
v2
=
v
RT
. (53)
The quantities v, ρ and σ/m are numerically similar in two-field SFDM and in standard
SFDM for the parameter values adopted here. The reason is that we chose σ/m to match
the fiducial numerical value from Ref. [6], and the density and velocity can also be very
similar, as we saw in Sec. 5. However, m is very different. The fiducial value from
Ref. [6] is m = 1 eV while our parameter choice gives the much smaller value m =
6.4 · 10−6 eV. Thus, at a given radius, the left-hand side of Eq. (53) is about 1021 times
larger than in standard SFDM and there is probably no solution to Eq. (53) on galactic
scales. I.e. we always have Γ  t−1dyn on galactic scales. At face value, this implies
that there is no transition to a NFW halo on galactic scales, in contrast to the standard
expectation in SFDM and in contrast to what the NFW radius suggests. This could
mean that the superfluid phase extends to cosmological scales with a matching between
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the cosmological and the galactic solution at an intermediate scale. Alternatively, the
superfluid could end at a finite radius where density and pressure reach zero when µˆ
reaches zero (at r = O(r0), see Sec. 3.3). In this case, the superfluid would resemble a
giant non-relativistic boson star [41–43].
In Sec. 4, we chose σ/m in our model to be the same as in standard SFDM with
the fiducial parameters from Ref. [6]. Alternatively, we could have chosen (σ/m)/m4
to be the same as in standard SFDM. In this case, our RT would be closer to that of
standard SFDM and the discrepancy between the NFW radius and the thermal radius in
our model would be much smaller. Still, as our actual choice of parameters illustrates, the
thermal radius and the NFW radius need not be close to each other in general. Indeed,
the NFW radius can be calculated from only r0 and µˆ/m, while the thermal radius also
depends on (σ/m)/m4 ∝ (σ/m)1/5r16/50 .
The above raises the question whether the thermal radius, the NFW radius, or a com-
pletely different radius gives the physical size of a galaxy’s superfluid core. In standard
SFDM with the fiducial numerical parameters from Ref. [6], the thermal and NFW radii
are numerically reasonably close [6]. Thus, for practical purposes, the difference may not
be too important in standard SFDM. However, the thermal radius and the NFW radius
can differ significantly also in standard SFDM, if we depart from the fiducial parameters
from Ref. [6].8 Investigating this is left for future work.
7 Discussion
As discussed in Sec. 2, the field θ of standard SFDM serves a double role. One role is
to mediate a MOND-like force, the other role is to provide the dark matter density. In
our two-field SFDM model, these two roles are split between θ+ and φ− ∝ ρ−e−iθ− .
For φ− we take a standard superfluid Lagrangian with quartic interactions. For θ+ we
take the original Lagrangian from standard SFDM but replace Kθ → K+ + K−. An
alternative would have been to get rid of the standard SFDM Lagrangian and instead take
a standard MONDian Lagrangian for θ+, e.g. a RAQUAL-type Lagrangian [4, 22, 25]
L = Λ
√
|K+|K+ − λ θ+ ρb . (54)
That is, a Lagrangian where the mass m does not occur and where θ+ and θ− are com-
pletely independent of each other, unlike in the f(K+ +K−−m2) term in Limp. Such a
model could give a qualitatively similar phenomenology on galactic scales: The field θ+
mediates a MONDian force and φ− provides the dark matter density. Indeed, a model
along these lines was proposed in Ref. [44]. This model has qualitative similarities to
two-field SFDM, but is also different in many ways. For example, the field in Ref. [44]
that is analogous to our φ− field does not cluster on galactic scales, it only provides
8 For example, assuming the MOND limit ε 1, the NFW radius depends only onm2/α¯, a0, and |~ab|,
while the thermal radius also depends on σ/m.
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the average dark matter density of the cosmological background. Also, to get enough
lensing, matter couples to a metric that is disformally related to the Einstein metric in
Ref. [44], while the SFDM coupling λρbθ+ is closer to an effective metric that is con-
formally related to the Einstein metric. Another difference is that, in our model, the φ−
field (responsible for the dark matter energy density) induces the MONDian regime of
the θ+ field (responsible for the additional force on the baryons). Indeed, the additional
force due to θ+ is MONDian only inside the superfluid. The reason is that the equation
of motion of θ+ is a MONDian equation only if K+ + K− − m2 ≈ −(~∇θ+)2 (see
Sec. 3.1), which is possible only if the superfluid’s chemical potential µ cancels the−m2
term through the equilibrium value of K−, namely K− ≈ g00µ2. In contrast, the field
responsible for the additional force on the baryons in Ref. [44] satisfies an equation of
motion that is independent of the field providing the dark matter energy density. There
are likely also differences at larger scales, e.g. on cluster and cosmological scales, but
we have not yet explored these scales in any detail in our model.
The standard SFDM model from Ref. [5] can be seen as the successor of the two-field
model from Ref. [44] with the aim of finding a common origin for the MONDian force
and the dark matter energy density. Our discussion in Sec. 2 now suggests that it is tough
to find such a common origin in the form of a single field. Our analysis indicates that it
might be of advantage to switch back to a model with two fields, but with phenomenology
closer to standard SFDM.
Our model is also related to the two-field model proposed in Sec. 7 of Ref. [18]. This
model from Ref. [18] contains fields θ+ and θ− similar to our fields θ+ and θ− in that one
of the fields has an exact shift symmetry θ− → θ− + const., while the shift symmetry
of the other field is broken by the baryon coupling. However, this model from Ref. [18]
solves only the equilibrium problem (see Sec. 2.3), but not the MOND limit problem
(see Sec. 2.2) or the stability problem (see Sec. 2.1).
8 Conclusion
In this paper, we have shown that the double role of the phonon field θ in standard SFDM
as a carrier of both the MONDian force and the superfluid’s energy density leads to
problems. Concretely, this double role is in tension with having a proper MOND limit
and with having an equilibrium that is valid much longer than the dynamical timescale
of galaxies. We have proposed an improved model that avoids these problems and also
addresses a well-known instability issue in standard SFDM in a less ad-hoc way. This
model works by splitting the two roles of the phonon field θ between two different fields.
One of these carries the MONDian force, the other carries the superfluid’s energy density.
Using the Milky Way as an explicit example, we have demonstrated that our model’s
phenomenology on galactic scales can be close to that of standard SFDM while avoiding
the tensions due to the phonon field’s double role in standard SFDM. However, we found
that the transition from the superfluid phase at smaller radii to the normal phase at larger
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radii needs to be revisited. The reason is that, in general, the two standard estimates for
the radius of this transition, the NFW radius and the thermal radius, can differ wildly.
In principle, this issue is already present in standard SFDM, although it may not be
too important in practice for the fiducial numerical parameters from Ref. [6]. Future
work should clear up the interpretation of these different estimates and identify how to
correctly estimate the size of the superfluid core in SFDM.
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Appendix A Validity of the MOND regime in standard SFDM
In standard SFDM, the quantity ε = (2mµˆ)/(~∇θ)2 controls the idealized MOND limit,
i.e. whether or not the θ equation of motion has a standard MONDian form. Thus, we
would expect that the acceleration ~aθ due to θ has a MONDian form only if ε  1.
However, we saw in an explicit example in Sec. 2.2 that ~aθ can have a MONDian form
even if ε is larger than 1. Here, we investigate why ~aθ computed in the full SFDM model
is numerically close to ~aθ computed from the idealized MOND limit Eq. (9) despite ε
being larger than 1.
To this end, we employ the so-called no-curl-approximation. This means the follow-
ing. The equation for θ is of the form ~∇(g~aθ) = ~∇~ab with some function g. Thus, we
have g~aθ = ~ab up to a term that is the curl of a vector field. Neglecting this curl term is
the no-curl-approximation. This approximation was shown to be a good approximation
in SFDM in Ref. [21]. The advantage of this approximation is that we can algebraically
solve for ~∇θ in terms of µˆ and ~ab.
Concretely, in the no-curl-approximation, we have
|~aθ| =
√
a0|~ab| ·
√
x , (55)
where x = x(ε∗, β¯) is determined by the cubic equation
0 = x3 + 2
(
2β¯
3
− 1
)
ε∗ · x2 +
((
2β¯
3
− 1
)2
(ε∗)2 − 1
)
x− (β¯ − 1) ε∗ , (56)
with
ε∗ ≡ 2mµˆ
α¯MPl|~ab| . (57)
The phonon acceleration is approximately MONDian whenever
√
x is approximately 1.
Whether or not this is the case is determined by β¯ and ε∗.
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Figure 5: Left: The quantity
√
x = |~aθ|/
√
a0|~ab| in the no-curl-approximation as a
function of ε∗ = (2mµˆ)/(α¯MPl|~ab|). For
√
x = 1, the phonon force has a MONDian
form. Right: Phonon accelerations ~aθ at z = 0 for the Milky Way model from Ref. [21]
in the full SFDM model with β¯ = 2.5 (dotted green line), β¯ = 1.55 (dash-dotted red
line), the fiducial value β¯ = 2 from Ref. [6] (dashed orange line), and for the idealized
MOND limit (solid blue line). The parameters are as in Sec. 2.2, i.e. fb = 0.8, µ∞/m =
1.25 · 10−8, and r∞ = 100 kpc.
As discussed in Sec. 2.2, we expect~aθ to have a MONDian form if ε = (2mµˆ)/(~∇θ)2
is small. Indeed, Eq. (56) has the solution x = 1 in this limit. The reason is that, for
ε  1, we have (~∇θ)2 ≈ α¯MPl|~ab| so that ε∗ ≈ ε. Thus, in this case ε∗ is small and
Eq. (56) reduces to x3−x = 0.9 This is the standard MOND limit of SFDM for ε 1.
However, we saw in Fig. 1 that ~aθ can have a MONDian form even if ε is not small.
To understand this, we now turn to more general solutions of Eq. (56). This equation can
be solved analytically, but the resulting expression is not very illuminating so we do not
show it here. Instead, we show solutions
√
x =
√
x(ε∗, β¯) determined by Eq. (56) in
Fig. 5, left. The horizontal axis represents different values of ε∗ and the different lines
represent different values of β¯. Usually, β¯ is taken to be the same across different galaxies
[5, 6]. In contrast, ε∗ is constant neither within a galaxy (since it depends on ~x through
µˆ(~x) and ~ab(~x)) nor across different galaxies (since µˆ and ~ab are different in different
galaxies). With the fiducial parameters from Ref. [6], we have (see also Eq. (10))
ε∗ =
2m2
α¯
10−6
a0MPl
(
a0
10|~ab|
)(
107
µˆ
m
)
≈ 0.8 ·
(
a0
10|~ab|
)(
107
µˆ
m
)
. (58)
In galaxies, a typical value of µˆ/m is 10−7 and the phonon force becomes important
when |~ab| is smaller than a0 so that ε∗ is roughly of order 1. In Fig. 5, left, we show
values of ε∗ between 0 and 5. Within a galaxy, different values of ε∗ correspond to
9 The x = 0 solution of this equation is spurious. The reason is that Eq. (56) was obtained by multiplying
the θ equation of motion by a quantity that is proportional to x in the limit of small ε∗.
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different radii. As a rough estimate, for |~ab| ∝ 1/r2 and µˆ/m ∝ 1/r, we have
ε∗ ∝ r . (59)
Consider now β¯ = 2, i.e. the fiducial value from Ref. [6]. From Fig. 5, left, we see
that
√
x is always close to 1 for ε∗ between 0 and 5. In contrast, for β¯ larger or smaller
than 2,
√
x is close to 1 only for ε∗  1, i.e. in the standard MOND limit. That is, for
β¯ = 2, the phonon force can be MONDian across a relatively wide range of galaxies and
radii – even if ε∗ is not small. For other values of β¯, deviations from a MONDian force
are much larger at ε∗ & 1. For example, if we choose β¯ = 2.5 or β¯ = 1.55, the phonon
force ~aθ deviates from a MONDian force already at significantly smaller radii compared
to the β¯ = 2 case. This is illustrated in Fig. 5, right.
Thus, even if ε is not small, SFDM can have a MONDian phonon force. But only if
β¯ is close to 2 and (since x → 0 for ε∗ → ∞) only if ε∗ is not much larger than 1. For
the Milky Way model discussed in Sec. 2.2 with the fiducial numerical parameters from
Ref. [6], these conditions are fulfilled at R . 25 kpc so that the phonon force is approx-
imately MONDian. However, this is a numerical coincidence and not by construction of
the model. Through ε∗ and β¯, this numerical coincidence depends on the model param-
eters β¯, α¯, and m, on the shape and size of the baryonic density, and on the boundary
condition µ∞. Thus, this numerical coincidence will not work if, for example, m2/α¯ is
too large, if µ∞ is too large, or, as already discussed, if β¯ is not close to 2.
Appendix B Origin of f
Above, we have taken the form of the function f as given – both in the standard SFDM
Lagrangian from Eq. (1) and in the two-field SFDM Lagrangian from Eq. (37). However,
due to the square root in f , both Lagrangians are ill-defined whenever their argument is
zero, i.e. whenever K+ + K− − m2 = 0 (in two-field SFDM) or Kθ − m2 = 0 (in
standard SFDM without finite-temperature corrections). In the inner parts of galaxies,
the argument of f is always negative so that we may ignore this problem. But in the outer
parts of galaxies or in cosmology, this argument may become positive. To address this,
Ref. [5] proposed a Lagrangian which does not suffer from this problem. It reads
Lorig = 1
2
K¯ +
Λ4
6(Λ2c + ρ
2)6
K¯3 − λ θ ρb , (60)
where ρ is a new field, Λc is a constant, and
K¯ = Kρ + ρ
2(Kθ −m2) , (61a)
Kρ = ∇αρ∇αρ . (61b)
On galactic scales, the ρ equation of motion has a solution ρ2 = Λ
√|Kθ −m2|, if
we can neglect derivatives of ρ and if ρ2  Λ2c . With this solution, we recover the
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Lagrangian from Eq. (1) with the f(Kθ − m2) term as an effective Lagrangian. The
condition ρ2  Λ2c gives a minimum acceleration below which this Lagrangian is invalid.
Namely, in the MOND limit (~∇θ)2  2mµˆ, the effective Lagrangian is valid only if,10
|~aθ|  a0
(
Λc
α¯Λ
)2
. (62)
In two-field SFDM, analogous constructions still work. For example, consider
Lorig+ = 1
2
K¯+ +
Λ4
6(Λ2c + ρ
2
+)
6
K¯3+ − λ θ+ ρb , (63)
where ρ+ is a new field with
K¯+ = Kρ+ + ρ
2
+(K+ +K− −m2) , (64a)
Kρ+ = ∇αρ+∇αρ+ . (64b)
This is the same as Lorig from Eq. (60), but with ρ replaced by ρ+, Kθ replaced by
K+ + K−, and θ replaced by θ+ in the baryon coupling. Then, similar as in standard
SFDM, we recover the f(K+ + K− − m2) part of the Lagrangian Limp of two-field
SFDM for the solution ρ2+ = Λ
√|K+ +K− −m2|. This solution is valid if we can
neglect derivatives of ρ+ and if ρ2+  Λ2c . As in standard SFDM, the condition ρ2+  Λ2c
translates to a minimum acceleration. In the MOND limit (~∇θ+)2  2mµˆ,
|~a+|  a0
(
Λc
α¯Λ
)2
. (65)
A possible alternative to the definition of K¯+ from Eq. (64) is
K¯+ = Kρ+ + ρ
2
+(K+ −m2) + (Kρ− + ρ2−K−) ·
ρ2+
ρ2− + Λ2−
, (66)
with constant Λ−. For ρ2−  Λ2− and as long as derivatives of ρ− can be neglected,
this gives the same phenomenology as Eq. (64). However, in contrast to our earlier
definition, it is now straightforward to rewrite K¯+ in terms of φ− ∝ ρ−e−iθ− , since
∇αφ∗−∇αφ− ∝ Kρ− + ρ2−K−.
Appendix C Calculation of sound speeds
In Eq. (19), we calculated second-order perturbations to the LagrangianLimp, but without
the contributions from L−. For the stability analysis in Sec. 3.1, this was sufficient. To
10This equation appears in Ref. [5] as Eq. (94) but misses the square of the factor (Λc/Λ).
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calculate the sound speeds, we also need the contributions from L−,
L−pert = 1
2
gαβ∂αδρ∂βδρ +
1
2
gαβρ20∂αδ−∂βδ− − (µ20g00 −m2)δ2ρ + 2g00µ0ρ0δρδ˙− ,
(67)
where δρ is the perturbation of ρ− = ρ0 + δρ with ρ20 = (g00µ20 −m2)/λ4. Note that the
δρδ˙− term does not enter the Hamiltonian and thus does not affect the stability analysis.
This is why we neglected this contribution in the stability analysis in Sec. 3.1.
We now restrict our attention to perturbations with wavelengths that are short com-
pared to the background field gradients. That is, we approximate terms like ∂(X0δ)
as X0(∂δ), where δ is a perturbation and X0 is a function of background fields only.
Roughly, on galactic scales, this is valid for perturbations with wave vector |~k| 
(1/kpc). Then, adding up all contributions gives:
Limp,pert = + 1
2
(
δ˙2ρ − (~∇δρ)2
)
− (µ20g00 −m2)δ2ρ
+
(
f ′0δ˙
2
+ − (f ′0 − 2f ′′0 γ2|~∇θ+|2)(~∇δ+)2
)
+
(
(f ′0 + 2f
′′
0 µ
2
0 +A)δ˙
2
− − (f ′0 +A)(~∇δ−)2
)
+
(
−4f ′′0 µ0|~∇θ0+|γ
)
|~∇δ+|δ˙−
+ 2µ0ρ0δρδ˙− ,
(68)
where A = ρ20/2, see Sec. 3.1, and γ is the cosine of the angle between ~∇θ0+ and ~∇δ+,
~∇θ0+ · ~∇δ+ ≡ γ|~∇θ0+||~∇δ+| . (69)
Note that γ is not a constant and depends on both δ+ and θ0+. To find the sound speeds,
we consider ansa¨tze δj → δje−ikx + δ∗j eikx for j = +,−, ρ with eikx = ei(ωt−~k~x).
C.1 Without mixing of δ+ and δ−
We first neglect the mixing of δ+ and δ−, i.e. we neglect the fourth line in Eq. (68). Then,
the δ+ equation of motion directly gives
c2s,+ ≈
f ′0 − 2f ′′0 γ2|~∇θ0+|2
f ′0
≈ 1 + γ2 ≥ 1 , (70)
where we used −2f ′′0 |~∇θ0+|2 ≈ f ′0, which follows from Eq. (21) in the MOND limit
(~∇θ0+)2  2mµˆ0. The other gapless mode is the standard superfluid phonon mode
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which is a mix of δ− and δρ. Their two equations of motion are:
0 =
(
ω2 − ~k2 − 2(µ2g00 −m2)
)
(δρe
ikx + δ∗ρe
−ikx) (71)
+ 2iωµ0ρ0(δ−eikx − δ∗−e−ikx) ,
0 =
(
2(f ′0 + 2f
′′
0 µ
2 +A)ω2 − 2(f ′0 +A)~k2
)
(δ−eikx + δ∗−e
−ikx) (72)
− 2iωµ0ρ0(δρeikx − δ∗ρe−ikx) .
The first is the δρ equation, the second is the δ− equation. From the δρ equation, we find:
δρ = − 2iωµ0ρ0
ω2 − ~k2 − 2(µ2g00 −m2)
δ− . (73)
Note that this relation is still valid when we later allow for δ+-δ−-mixing, since this
mixing only modifies the δ− equation, but not the δρ equation. Plugging this in the δ−
equation and dividing by A = ρ20/2 gives
0 =
(
2
(
f ′0 + 2f ′′0 µ20
A
+ 1
)
ω2 − 2
(
f ′0
A
+ 1
)
~k2
)
− 8µ
2
0ω
2
ω2 − ~k2 − 2(µ20g00 −m2)
.
(74)
In Sec. 3.1, we saw that typically A  f ′0. Thus, the prefactor of ~k2 in this equation
reduces to −2. Similarly, we saw in Sec. 3.1, that we need A > |2f ′′0 µ20| for stability.
Thus, the first term in Eq. (74) contributes a term O(1) · ω2. This is negligible compared
to the last term, which is 2mω2/µˆ0  ω2 for small wavelengths. Thus, we recover the
standard phonon dispersion relation [23]
c2s− =
µˆ0
m
. (75)
Note that the dominant prefactor of ω2 in Eq. (74) comes from the δρ-δ−-mixing. Thus,
this mixing cannot be neglected.
C.2 With mixing of δ+ and δ−
With the δ+-δ− mixing term, we have for δ+:
0 =
(
2f ′0ω
2 − 2(f ′0 − 2f ′′0 γ2|~∇θ0+|2)~k2
)
(δ+e
ikx + δ∗+e
−ikx)
+
(
4f ′′0 µ0|~∇θ0+|γ
)
|~k|ω(δ−eikx + δ∗−e−ikx) .
(76)
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And for δ−
0 =(δ−eikx + δ∗−e
−ikx)
[(
2(f ′0 + 2f
′′
0 µ
2 +A)ω2 − 2(f ′0 +A)~k2
)
− (2µ0ρ0ω)
2
ω2 − ~k2 − 2(µ20g00 −m2)
]
+
(
4f ′′0 µ0|~∇θ0+|γ
)
|~k|ω(δ+eikx + δ∗+e−ikx) ,
(77)
where we already plugged in the solution for δρ from the previous section. As discussed
there, this solution is still valid here. Solving the δ+ equation for δ+ gives
δ+ = −δ− 4f
′′
0 µ0|~∇θ0+|γ|~k|ω
2f ′0ω2 − 2(f ′0 − 2f ′′0 γ2|~∇θ0+|2)~k2
. (78)
Plugging this result into the δ− equation and dividing by A yields
0 =
(
2
(
f ′0 + 2f ′′0 µ20
A
+ 1
)
ω2 − 2
(
f ′0
A
+ 1
)
~k2
)
− 8µ
2
0ω
2
ω2 − ~k2 − 2(µ20g00 −m2)
− 2f
′′
0 µ
2
0
A
4 · 2f ′′0 |~∇θ0+|2γ2|~k|2ω2
2f ′0ω2 − 2(f ′0 − 2f ′′0 γ2|~∇θ0+|2)~k2
.
(79)
Numerically, 2f ′′0 |~∇θ0+|2 ≈ −f ′0. So we can write:
0 =
(
2
(
f ′0 + 2f ′′0 µ20
A
+ 1
)
ω2 − 2
(
f ′0
A
+ 1
)
~k2
)
− 8µ
2
0ω
2
ω2 − ~k2 − 2(µ20g00 −m2)
−
(
−2f
′′
0 µ
2
0
A
)
2 · γ2|~k|2ω2
ω2 − (1 + γ2)~k2
.
(80)
From this equation, we can now find the sounds speeds for the two gapless modes.
Consider first the “δ−-and-δρ” mode with ω = cs−|~k| with cs−  1. For k → 0,
Eq. (80) becomes
0 = ~k2
[(
2
(
f ′0 + 2f ′′0 µ20
A
+ 1
)
c2s− − 2
(
f ′0
A
+ 1
))
+
4µ20c
2
s−
(µ20g
00 −m2)
−
(
−2f
′′
0 µ
2
A
)
2 · γ2
1− (1+γ2)
c2s−
 . (81)
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If we expand the last term in c2s−, we find
c2s−
(
2µ20
µ20g
00 −m2 +
(
f ′0
A
+ 1 +
2f ′′0 µ20
A
)
+
(
−2f
′′
0 µ
2
0
A
γ2
1 + γ2
))
=
(
1 +
f ′0
A
)
.
(82)
For a non-relativistic background, we have 2µ20/(µ
2
0g
00 − m2) ≈ m/µˆ0 and we can
expand in µˆ0/m 1:
c2s− =
1 +
f ′0
A
2µ20
µ20g
00−m2 +
(
f ′0
A + 1 +
2f ′′0 µ
2
0
A
1
1+γ2
)
=
µˆ0
m
(
1 +
f ′0
A
)[
1− µˆ0
m
(
1 +
f ′0
A
+
2f ′′0 µ20
A
1
1 + γ2
)
+ . . .
]
.
(83)
Since A  f ′0 and A > |2f ′′0 µ20| on galactic scales, this gives only small corrections to
the value of cs− without mixing of δ+ and δ−, namely c2s− = µˆ0/m.
For the “δ+” mode, which had ω2 = (1 + γ2)~k2 without δ+-δ−-mixing, we con-
sider again non-relativistic perturbations, |~k|  m, and a non-relativistic background,
|µ20g00−m2|  m2. Then, 4µ20/(ω2−~k2−2(µ20g00−m2)) 1 so that we can neglect
the first two terms in (80),
0 = − 4µ
2
0
ω2 − ~k2 − 2(µ20g00 −m2)
ω2 −
(
−2f
′′
0 µ
2
0
A
)
γ2|~k|2ω2
ω2 − (1 + γ2)~k2
. (84)
With the Ansatz ω2 = c2s,+~k
2, this yields
c2s,+ = 1 + γ
2
[
1 + η
2(µ20g
00 −m2)− γ2~k2
4µ20 + γ
2~k2η
]
≥ 1 , (85)
where we defined
η ≡ −2f
′′
0 µ
2
0
A
. (86)
As mentioned above, for stability on galactic scales we need A > |2f ′′0 µ20|. Thus, we
typically have η ∈ (0, 1) on galactic scales. Then, for |~k|  m and a non-relativistic
background, Eq. (85) gives only small corrections to the result without mixing of δ+ and
δ−, namely c2s+ = 1 + γ2.
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